Here we provide a hand-checkable proof for Lemma 4.9 in the paper [2] . 2pt`3qp2t`1qp3t`1q 2˙.
(
The exponential function being a strictly positive real number for any real argument, (1) implies t ą 0 and d dt Y ptq ą 0 ô 5t 6 ă t 5`1 41t 4`7 99t 3`1 256t 2`7 36t`144 ,
the latter of which is obviously true since already 5t 6 ă 144 for every 0 ă t ă 1.
Lemma 5 With h 1 and h 2 as in Definition 2 we have Proof: Checking these statements is left to the reader, who is advised to entrust this entirely routine task to an electronic computer. The functions h 1 and h 2 being rational, the statements can be checked via exact computations with arbitrary long integers, a standard functionality of several computer algebra systems (note that to check (3) and (4) one of course does not have to compute fractions, but one can rewrite (3) and (4) as a statement about adding, subtracting and multiplying integers). Let us add that for reaching certainty about the equalities (3) and (4), the closest noncommercial automated alternatives to hand-evaluation seem to be some C libraries for arbitrary precision arithmetic, like GMP or iRRAM. According to [3] , the code in the iRRAM package itself is currently in the process of being formally verfied.
We now derive Taylor polynomials taylormade for our purposes (the approximation in (II) is designed to be used twice: both for the evaluations of exp within Y, and later on for evaluations expp´νq withν an approximation of ν):
Lemma 6 (some Taylor approximations to exp) We have:
(I) for every x P p0.48, 0.49q, (1) exppxq´ř 0ďiď11
(II) for every x P p´0.05, 0q,
(1) exppxq´ř 0ďiď5
Proof: As to (I), we develop exp around 1 0 and use Lagrange's error term for Taylor's theorem:
for every k and every x P p0, 0.49q there exists ξ x P p0, 0.49q such that exppxq " ř 0ďiďk´1
Because of 1 " expp0q ă exppξ x q ă expp0.49q ă expp1q ă 3, we therefore know
for every x P p0, 0.49q. In particular,
As for (I), we require k to be large enough to have 3 k! x k ă 10´1 1 for every x P p0.48, 0.49q Ď p0, 0.49q, i.e., we require k to satisfy
The smallest such k is k " 12. Since 1 If we would develop exp around a rational number x 0 inside the interval we are interested in, we'd need fewer than eleven terms to achieve the desired accuracy (w.r.t. arithmetic with arbitrary elements of R). But we would then stray from our path to a set of 'certificates' for the p i -inequalities consisting of rational computations only: Taylor's theorem would require us to know exppx 0 q in order to compute the coefficients of the approximating polynomial. Since exppx 0 q is irrational for every rational x 0 (e.g., [4] ), another approximation would be necessary, resulting in additional complexity outweighing the gain in simplicity due to a lower-degree polynomial. Same for developing around an irrational number of the form logpx 0 q with rational x 0 inside the respective intervals (which would keep the constant term rational yet necessitate approximations for what value to substitute into the variable). So developing around 0 seems the only sensible choice for our purposes of deriving rational certificates. The price of the ease of evaluating the constant term expp0q is a higher number of terms in order to 'bend' the Taylor polynomial to within the required accuracy at points far from 0. As for (II), for every x P p´0.05, 0q, there exists ξ x P p´0.05, 0q such that exppxq " ř 0ďiďk´1
.05q ă exppξ x q ă expp0q " 1, we know that for every even k, and any x P p´0.05, 0q we have x k ą 0 and
while for every odd k and any x P p´0.05, 0q we have x k ă 0 and
In particular we now know that for every k (of whatever parity) and any x P p´0.05, 0q,
We require k to be large enough to have
for every x P p´0.05, 0q, i.e., we require k to satisfy Lemma 7 (verified bounds for t 0 ) There exists exactly one real number t 0 P p0, 1q with Y pt 0 q " 1, and it satisfies
Proof: Since all factors in denominators within Y ptq are non-zero for t P p0, 1q, the function t Þ Ñ Y ptq is continuous as a composition of continuous functions. By Lemma 4, it is moreover strictly monotone increasing in p0, 1q. Therefore the claim follows (existence from continuity, uniqueness from monotonicity) via the Intermediate Value Theorem if we can show that
A finite certificate for (1) is given by the calculation
(by the upper bounds in (1) and (3) in Lemma 5, and since exp is monotone increasing) ă´1`2.0941746326¨expp´0.0460123253q
(by the upper bound in (1)) ă´1`2.09417463262
while a finite certificate for (2) is given by the calculation
(by the lower bounds in (2) and (4) in Lemma 5, and since exp is monotone increasing)
ą´1`2.0941746334¨expp´0.0460123254q
(by the lower bound in (2)) ą´1`2.09417463341
where in each case z denotes that a number contiguously continues in the next line.
The following defines the function t from [1] , with explicit values for the 'suitable small neighborhood of 1' [1, p. 317, paragraph 2]:
Definition 8 For every y P p0.9999999996, 1.00000000009q we define tpyq to be the unique t P p0.6263716633´10´1 0 , 0.6263716633`10´1 0 q with Y ptq " y.
Let us note that t 0 " tp1q.
Remark 9 (correctness of Definition 8) Definition 8 does indeed define a function
Proof: Uniqueness of the tpyq from Definition 8 follows from Lemma 4, while for existence we have to show that the argument in the proof of Lemma 7 can be carried out with any y P p0.9999999996, 1.00000000009q replacing the 1 in the conditions (1) and (2) of Lemma 7. This follows from (9) and (10) 
Lemma 11 With ξptq :" for every t P I :" p0.6263716633´10´1 0 , 0.6263716633`10´1 0 q.
Proof: If we had a proof that B 0 is monotone decreasing in I, then (13) would follow from the slightly stronger pointwise bounds in Lemma 12-but the (known) continuity of B 0 alone is of course not enough to use Lemma 12. Unfortunately, a complete proof of this monotonicity seems to require at least as much work as the proof of (13) that follows. The plan of the proof is the following: for each of the seven summands in B 0 we will derive both upper and lower bounds which uniformly hold in I. In the end, we add these bounds to derive the bounds in (13).
In the following paragraph, we prove the uniform bounds 0.22495616614 ă p3t´1q 2 pt`1q 6 logpt`1q 512t 6 ă 0.22495616711 for every t P I .
Since 3¨t ą 1 for every t P I, the function t Þ Ñ p3t´1q 2 is evidently monotone increasing in I. So are the two functions t Þ Ñ pt`1q 6 and t Þ Ñ logpt`1q. Therefore, t Þ Ñ p3t´1q 2 pt`1q 6 logpt`1q is monotone increasing in I as a product of three such functions. Hence, for every t P I, p3t´1q
2 pt`1q 6 logpt`1q ă p3t´1q 2 pt`1q 6 logpt`1q t"0.6263716633`10´1 0 ă 6.95601448698 (15) and p3t´1q 2 pt`1q 6 logpt`1q ą p3t´1q 2 pt`1q 6 logpt`1q
The function t Þ Ñ 512t 6 is evidently monotone increasing in I. Hence, for every t P I,
and 512t 6 ă 512t
Since (16) and (18) hold in all of I, it follows that, for every t P I, 
proving the lower bound in (14).
Since (15) and (17) hold in all of I, it follows that, for every t P I, 
proving the upper bound in (14).
In the following paragraph, we prove the uniform boundś
ă´0.28456395528 for every t P I .
Since 2`?3 ą 1, 2´?3 ă 0.5 and
3´4 8t 2`1 2tq ă 0 for every t P I, i.e., t Þ Ñ 3t 4´1 6t
is strictly monotone decreasing in I, so
and 3t 4´1 6t
The function t Þ Ñ logp3t`1q is evidently strictly monotone increasing in I, hence logp3t`1q ą logp3t`1q
and logp3t`1q ă logp3t`1q t"0.6263716633`10´1 0 ă 1.05748295186 for every t P I .
The function t Þ Ñ 32t 3 is evidently monotone increasing in I. Hence, for every t P I,
and 32t 3 ă 32t
It follows that, for every t P I,
(by (22) 
proving the lower bound in (21), and also that, for every t P I, 
which proves the upper bound in (21).
In the following paragraph, we prove the uniform bounds 0.00029614190 ă p3t`1q 2 p´t`1q 6 logp2t`1q 1024t 6 ă 0.00029614191 for every t P I .
While it is evident that t Þ Ñ p3t`1q 2 is strictly monotone increasing, and t Þ Ñ p´t`1q 6 strictly monotone decreasing in I, it is not evident whether the product t Þ Ñ p3t`1q 2 p´t`1q 6 decreases or increases in I. To decide this, we note that
2 p´t`1q 6 " 24p´1`tq 5 tp1`3tq, and from this factorization it is evident that d dt p3t`1q 2 p´t`1q 6 ă 0 for every t P I, hence that t Þ Ñ p3t`1q 2 p´t`1q 6 is indeed strictly monotone decreasing in I. Therefore, p3t`1q 2 p´t`1q 6 ă p3t`1q 2 p´t`1q 6 t"0.6263716633´10´1 0 ă 0.02255053559 for every t P I ,
and p3t`1q 2 p´t`1q 6 ą p3t`1q 2 p´t`1q 6 t"0.6263716633`10´1 0 ą 0.02255053553 for every t P I .
Moreover, since function t Þ Ñ logp2t`1q evidently is strictly monotone increasing in I, we know that logp2t`1q ą logp2t`1q t"0.6263716633´10´1 0 ą 0.81214872970 for every t P I ,
and logp2t`1q ă logp2t`1q t"0.6263716633`10´1 0 ă 0.81214872989 for every t P I .
Furthermore, since the function t Þ Ñ 1024t 6 evidently is strictly monotone increasing in I, we know that 1024t 6 ą 1024t 6 t"0.6263716633´10´1 0 ą 61.84328775287 for every t P I ,
and 1024t 6 ă 1024t 6 t"0.6263716633`10´1 0 ă 61.84328787136 for every t P I .
It follows that, for every t P I, ą0.00029614190 ,
proving the lower bound in (30), and also that, for every t P I, 
which proves the upper bound in (30). Since t Þ Ñ 1 4 logpt`3q is evidently strictly monotone increasing in I, we know that, for every t P I, 
Since t Þ Ñ 1 2 logptq is evidently strictly monotone increasing in I, we know that, for every t P I, ă´0.23390568627 for every t P I .
As to the summand 
In the following paragraph, we prove the uniform bounds 2´4 63t`92q, and since 2pt´1q ă 0 for every t P I, to prove that t Þ Ñ p217t 6`9 20t 5`9 72t 4`1 436t 3`2 05t 2´1 72t`6qp´t`1q 2 is strictly monotone increasing in I it suffices to show that 868t 6`2 569t 5`6 16t 4`1 646t 3´1 744t 2´4 63t`92 ă 0 for every t P I. This is equivalent to 868t 6`2 569t 5`6 16t 4`1 646t 3`9 2 ă 1744t 2`4 63t for every t P I .
Since both t Þ Ñ 868t 6`2 569t 5`6 16t 4`1 646t 3`9 2 and t Þ Ñ 1744t 2`4 63t, are strictly monotone increasing in I, we have, for every t P I, 868t 6`2 569t 5`6 16t 4`1 646t 3`9 2 ă 868t 6`2 569t 5`6 16t 4`1 646t 3`9 2 t"0.6263716633`10´1 0 ă 891.450148292474
proving (45). Since we now know that t Þ Ñ p217t 6`9 20t 5`9 72t
is strictly monotone increasing in I, it follows that, for every t P I,
and
Since t Þ Ñ 2048t 4 p3t`1qpt`3q is evidently strictly monotone increasing in I, it follows that, for every t P I,
and 2048t 4 p3t`1qpt`3q ă 2048t 4 p3t`1qpt`3q
(by (47) 
proving the lower bound in (44), and
(by (48) 
proving the upper bound in (44). We now add our uniform bounds for the summands in B 0 to prove the uniform bounds in (13). In doing so, we have to pay attention which summand appears with a minus-sign in the definition of B 0 .
From the lower bound in (14), the upper bounds in (21) and (30), the lower bound in (39), and the upper bounds in (41), (43) and (44), it follows that, for every t P I, B 0 ptq ą 0.22495616614´p´0.28456395528q´0.00029614191 0.32205815164´p´0.23390568627q´p1.03972077084q´p0.02472734762q
proving the lower bound in (13).
From the upper bound in (14), the lower bounds in (21) and (30), the upper bound in (39) and the lower bounds in (41), (43) and (44) it follows that, for every t P I, B 0 ptq ă 0.22495616711´p´0.28456395530q´0.00029614190 0.32205815165´p´0.23390568644q´p1.03972077083q´p0.02472734758q
proving the upper bound in (13). This completes the proof of Lemma 13.
Lemma 14 (bounds for B 0 pt 0 q) With B 0 as in Definition 1. (1),
Proof: In view of Lemma 7, the bounds in (55) follow from the uniform bounds in Lemma 13.
Lemma 15 (pointwise bounds for B 2 pt 0 q) With B 2 as in Definition 1. (2), 
for every t P I :" p0.6263716633´10´1 0 , 0.6263716633`10´1 0 q.
Proof:
The plan of the proof is the same as for Lemma 13: for each of the four summands in B 2 , derive both upper and lower bounds which uniformly hold in I. In the end, we add these bounds to derive the bounds in (56).
In the following paragraph, we prove the uniform bounds 0.01786492701 ă p´t`1q 3 p3t´1qp3t`1qpt`1q 3 logpt`1q 256t 6 ă 0.01786492706 for every t P I .
Since t Þ Ñ´1`3t 2 is strictly monotone increasing in I, it follows that´1`3t 2 ą´1`3p 0.6263716633´10´1 0 q 2 " 0.17702438137980270272 ą 0 for every t P I, and now it is evident from
3 ă 0 for every t P I, i.e., that t Þ Ñ p´t`1q 3 p3t´1qp3t`1qpt`1q 3 is strictly monotone decreasing in I, so p´t`1q 3 p3t´1qp3t`1qpt`1q 3 ą p´t`1q 3 p3t´1qp3t`1qpt`1q and p´t`1q 3 p3t´1qp3t`1qpt`1q 3 ă p´t`1q 3 p3t´1qp3t`1qpt`1q and p´t`1q 3 p3t`1q ă p´t`1q 3 p3t`1q
t"0.6263716633´10´1 0 ă 0.15016835750 for every t P I .
Since t Þ Ñ logp3t`1q is strictly monotone increasing, it follows that for every t P I, logp3t`1q ą logp3t`1q t"0.6263716633´10´1 0 ą 1.05748295164 for every t P I ,
Since t Þ Ñ 32t 3 is strictly monotone increasing in I, it follows that 32t 3 ą 32t 
Since t Þ Ñ logp2t`1q is strictly monotone increasing in I, it follows that logp2t`1q ą logp2t`1q t"0.6263716633´10´1 0 ą 0.81214872970 for every t P I
Since t Þ Ñ 512t 6 is strictly monotone increasing in I, it follows that 512t 6 ą 512t 
It follows that, for every t P I, 
proving the lower bound in (75), and, for every t P I, 
proving the upper bound in (75).
In the following paragraph, we prove the uniform bounds 0.000244575293 ă pt´1q 4 p185t 4`6 98t 3´2 17t 2´1 60t`6q 1024t 4 p3t`1qpt`3q ă 0.000244575295 for every t P I . (84) For every t P I, evidently pt´1q 3 ă 0. Moreover, since both t Þ Ñ 740t 4`2 073t 3`9 2 and t Þ Ñ 1698t 2`1 83t are strictly monotone increasing in I, we have, for every t P I,
proving the lower bound in (56). From the upper bound in (57), the lower bound in (66), and the upper bounds in (75) and (84), it follows that, for every t P I, B 2 ptq ă 0.01786492706´0.02019321732`0.00059228381`0.000244575295 Proof: By Definition 10, we know that with t 0 as in Lemma 8 we have Rp1q "
It is routine to check that the function t Þ Ñ ξptq :"
is strictly monotone decreasing for t P p0, 1q, hence Rp1q " ξpt 0 q together with the bounds on t 0 from (8) in Lemma 7 implies 
proving the upper bound in (121).
Proof of Lemma ??: Since ρ " rpt 0 q by Definition 21, it is immediate from Lemmas 7 and 24 that 0.03672841251 ă ρ ă 0.03672841266.
Recall that Gpρq " exppCpρqq " exppνq. According to Lemma 20 we have´0.037439366735 ắ ν ă´0.037439365283, so (II). (2) in Lemma 6 is applicable and implies, by strict monotonicity of exp, expp´νq ą 1.0850694444¨10´1 
